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pbaptiste@polymtl.ca
Abstract. This paper deals with the problem of assigning operators,
within a free changing mode, in a flow-shop environment given an order
for processing the set of tasks. We seek a schedule that minimizes the
overall finish time, known as the makespan. Within this model, a task
needs an operator during the entire duration of its processing. We show
that the problem is NP-hard in the strong sense if the number of operators is greater than 3, and exhibit polynomial time algorithms for the
cases involving one and two operators, respectively.
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1 Introduction
The integration of human resources as well as their different characteristics in
scheduling problems is quite a recent field of research in scheduling theory. This
is due to the fact that taking the human component into consideration when
building a schedule makes the corresponding problem more difficult to solve.
Numerous links exist between human and material resources in production
systems, especially on the operational level [21]. Moreover, the human actor has
always played a crucial role in economy. The reason is that, on the one hand, he
is consumer and producer at the same time, and, on the other hand, he is able
to face unpredictable events despite the advances that have been achieved in
production equipments [3]. Furthermore, the classical scheduling models are of
little help in the real world applications [16]. All of this to say that it is important
to take into account the human component when making decisions related to the
management of resources in order to reduce the gap between theoretical research
and practical applications.
As usual with the birth of a new area, studies in this field of scheduling have
started with simplified assumptions. The few developed models had the objective
of modeling more accurately the constraints encountered in practice, especially
in industrial systems.
Let us recall that in classical scheduling, it is implicitly assumed that the
number of machines is equal to the number of operators; this is rarely true in
real systems. This paper deals with scheduling flow shops in which the number of
operators is less than the number of machines. We assume that the assignment
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of operators to machines is done in a free changing mode. This means that the
assignment of an operator to a machine may be changed at any time. We also
assume the ordering of processing the jobs through the machines is known in
advance.
This paper is organized as follows. A review of related works is the subject of
Section 2. Section 3 presents a description of the problem under study. Section
4 is devoted to the NP-hardness of the problem, and the presentation of two
polynomial-time algorithms for the case of two and one operators, respectively.
Finally, we present in Section 5 a conclusion as well as perspectives for future
work.

2 Problem description
In a flow shop problem, n tasks are to be scheduled on m machines in starting
on machine 1, then on machine 2 and so on until machine m. In our model,
we assume that a task requires the presence of one of the k operators during
its entire processing. In other words, a machine will remain inactive as long as
there is no available operator to run it. Thus, the processing times of tasks are
not directly affected by the intervention of operators. The impact of sharing
operators is rather modeled by waiting times that are due to the fact that the
number of operators is less than the number of machines. The given data pij and
Cij represent respectively the processing time and the finish time of operation
(i, j) i.e. the processing of job j on machine i.
We assume that we have  types of operators, kh , h = 1, . . . ,  operators of


kh = k. An operator of type  has a work rate v 1 . The assigneach type with
h=1

ment change of these operators on the different machines is operated according
to the free mode. In other words, an operator can interrupt the processing of a
task at any time to process another task.
The goal is to find a feasible schedule of tasks so as to minimize the makespan.
Since we are dealing with the standard2 flow shop problem with operators, we
note the given processing ordering of tasks π = (πij ), i = 1, . . . , m, j = 1, . . . , n.
The goal is to find an assignment of operators a∗ such that
Cmax (π, a∗ ) = max Cmax (π, a),
a∈A

where A denotes the set of feasible assignments, a∗ is in A, and Cmax (π, a) is
the overall completion time of the ordering π under the assignment a.
The makespan of a solution (π,a) is computed as follows. Let C(π(i, j), a)
be the completion time of the task at the j th position on machine i under the
assignment a and thqj the time at which the operator h in charge of the operation
1

2

The obtained results are identical for cases where operators have equal performance
levels.
Without permutation constraints.
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at the j th position on machine q becomes available. Therefore, Cmax (π, a) =
C(π(m, n), a), where C(π(q, j), a) of the task π(q, j) on machine q under the
assignment a is computed by the following recursive formula.
C(π(1, 1), a) = th11 + p1π(1,1)
j−1
j
C(π(1, j), a) = q=1 (p1π(1,q) ) + f =2 th1j − C(π(1, j − 1), a) + p1π(1,j)
C(π(q, 1), a) = max{C(π(q − 1, j  ), a), thqj } + pqπ(q,1)
C(π(q, j), a) = max{C(π(q − 1, j  ), a), C(π(q, j − 1), a), thqj } + pqπ(q,j)
q = 2, . . . , m; j = 2, . . . , n,

,
; j = 2, . . . , n,
; q = 2, . . . , m,
;

where j  is the position at which operation (q, j) is scheduled on machine q,
q = 2, . . . , m, j = 1, . . . , n.

3 Related works
Successively named k-level production system then flow shop [10], the basic
problem, as studied in [12], consists in scheduling n tasks on m machines in
order to minimize a given objective. The tasks go through the system by passing
on each machine exactly once and following the same passage order (machine 1,
then machine 2 and so on until machine m). Subsequently, many assumptions
were added and/or relaxed to the original model, which lead to the design of
many models, especially since the 80s [10].
The standard flow shop problem, denoted Fm ||Cmax , is NP-hard in the strong
sense for m ≥ 3 [9].
While we counted more than 1200 publications for the permutation3 flow
shop in 2006 [10], we notice that the standard flow shop has been little studied compared to the former. This is mainly due to the relative simplicity of
the permutation flow shop when compared to its standard version. However, it
was shown in [17] that for certain families of instances, the ratio between the
best permutation solution and
√ the best standard solution when minimizing the
makespan is greater than 12 m. Therefore, considering the standard version of
the flow shop may help to achieve significant profits 4 . For further details, see
e.g [13, 15].
In what follows, we present a brief review of the literature dedicated to the
flow shop problem with operators.
Scheduling problems with operators in general and flow shop problems in
particular being relatively recent and difficult to solve, we noted that only a few
studies dealt with them. The difficulty of these problems concerns mainly the
modeling of the human resources’ characteristics, such as the experience of an
operator, his qualifications, the variable workload that is assigned to him, etc.
3

4

The permutation constraint enforces that the tasks are processed by the machines
following the same order.
Nevertheless, we recall that for m ≤ 3, the two models are identical.
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In the classical scheduling models, it is implicitly assumed that the number of
operators is equal to the number of machines. Therefore, an operator can operate
exclusively the machine to which he is assigned. However, this assumption is
rarely true in practice where the number of operators is generally smaller than
the number of machines [5].
In each and every study that was dedicated to scheduling problems with
operators, the authors defined different models based on various assumptions.
These assumptions allowed to model with more or less precision the interactions
that exist between human and material resources. Since Vickson’s works in 1980
[19, 20], the majority of studies that were undertaken in the field of scheduling
with operators dealt with processing times that were controllable by the amount
of assigned resources. Solving these problems induced to assign a surplus of
operators to the tasks in order to reduce the processing time of the latter. Unlike
previous works, the model proposed by Cheurfa studied a cyclical flow shop with
a number of operators that is less than the number of machines [8]. In his work,
the author defines the concept of ”sharing” operators and studies a decision
problem rather than an optimization problem, with operators with equivalent
performance levels. The intervention of the latter is limited to assembling, control
and disassembling operations.
Analyzing the literature allowed us to note that a fair part of the works
that dealt with scheduling with operators was dedicated to identical parallelmachine environments. We may cite for example the works of Zouba [21]. In
his PhD thesis, the author studied the simultaneous handling of scheduling the
tasks and assigning the operators in an identical parallel-machine environment
with a number of operators that is less than the number of machines and the
possibility for an operator to share his time between different machines. In that
model, it mainly comes to study the impact of sharing the operators on the
processing times of the tasks. In [4], that model was refined by assuming that
the ratio between real and theoretical processing times is a linear function of the
occupancy rates of tasks by the operator. Even if it doesn’t allow to predict the
exact processing times, this new model allows to forecast the global increase in
the overall duration of a schedule.
Around the end of the 1990s and the beginning of the 2000s, many works dealt
with the OWMM concept (One-Worker-Multiple-Machine) given its popularity,
especially in just-in-time production systems. We may cite for example Chenget
al. [7] in which the authors studied a two-machine flow shop in order to minimize
the makespan when the intervention of the operator is limited to setup operations
at the beginning and at the end of tasks. Let us also cite the PhD thesis of Baki
where the author studies flow shop and open shop problems with one operator
[2]. The latter is in charge of setup operations at the beginning of a sequence
of tasks, hence the use of the batch concept consisting in grouping tasks and
then scheduling them. Several objectives functions based on completion times
and/or due dates were considered. For further details on scheduling with human
resources, see e.g. [2, 3].
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Let us observe most scheduling problems are NP-hard. The addition of resource constraints may only make them more difficult to solve. As a result, many
studies dealt with special cases such as restricted number of machines to m = 2.
For more details, see e.g. [2, 4].
Before closing this section, let us mention the model of flow shop we proposed
in [5] with a number of operators smaller than the number of machines, and
where tasks need an operator for the total duration of their processing. In that
paper, we designed heuristics, proposed a lower bound, and compared the relative
importance of the human and material resources by comparing a simultaneous
approach with a phase-by-phase approach.

4 Complexity results and polynomial-time algorithms
As with any combinatorial optimization problem, we first start the analysis with
its complexity status. In what follows, we denote the problem under study by
Fm |res kh 1, S, vh |Cmax in accordance with the notation proposed by Blazewicz
et al. [6] to which we add the symbol S to indicate that the assignment is made
under a given ordering of tasks S. In other words, the problem that we study is
that of scheduling n tasks in an m-machine flow shop with  types of operators,


kh = k, and a given ordering of
kh , h = 1, . . . ,  operators of each type with
h=1

tasks. The goal is to minimize the makespan.
4.1 The k-operator case, k ≥ 3

Theorem 1. The problem Fm |res kh 1, S, vh |Cmax is NP-hard in the strong
sense for k ≥ 3 even for the case in which all the vh are equal.
Proof. The NP-hardness of the problem is showed via the restriction method.
Let us first note that the ordering constraints imposed by the processing order
of tasks on the machines as well as by S form a precedence graph. Therefore, the
problem can be seen as a uniform-parallel-machine problem with precedence constraints with preemption, denoted as Qk |prec, prmp|Cmax , where the machines,
the tasks and the precedence graph represent respectively the k operators, the
m ∗ n operations, and the precedence relations between these operations. This
problem is NP-hard in the strong sense for k ≥ 3. Indeed,
Pk |pj = 1, prec, prmp|Cmax ∝ Pk |prec, prmp|Cmax ∝ Qk |prec, prmp|Cmax
and Pk |pj = 1, prec, prmp|Cmax is NP-hard in the strong sense [18]. The result
of the theorem is thus established.
Let us note that for cases where vh are all equal, we use Pk |prec, prmp|Cmax
for the complexity proof with a similar argument.
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4.2 The two-operator case
Theorem 2. The problem Fm |res 2kh 1, S, vh |Cmax is solvable in polynomial
time.
Proof. We use the same proof technique as we previously did. We use for the
reduction the Q2 |prec, prmp|Cmax problem, which is solvable in polynomial time.
Indeed,
Q2 |prec, prmp|Cmax ∝ Q2 |prec, prmp, rj |Lmax
and Q2 |prec, prmp, rj |Lmax is solvable in O(n2 ) [14].

The level Ls (TS(i,j) ) of a task TS(i,j) 5 at the time s is the minimum time that
is necessary for processing the said task as 
well as all its successors
from the time

m
n

s forward. For our problem, Ls (TS(i,j) ) = 
px,S(x,y)  − pi,S(i,j) .
x=i y=j

The algorithm in O(m2 n2 ) presented on Figure 1 is an adaptation of the
algorithm of Horvath et al. [11]. It provides a solution with a minimum for
k = 2 in the case where operators are identical but also when they have different
performance levels. In practice, we would first have to assign values to the speeds
of operators based on their performance levels before applying the algorithm.
s ← 0;
h ← the number of free operators at time s;
j ← the number of task at the highest level at time s;
Do
{
If (j ≤ h)
{ Assign the j fastest operators to the j tasks; }
Else
{ The j tasks are processed at the same rate by the h operators(∗ ); }
If ( ∃ free operators)
{ Assign the tasks of next highest level; }
If (( ∃ T that ends at t) or (∃ T , T  / Ls (T ) > Ls (T  ) and Lt (T ) = Lt (T  )))
{ s ← t; }
} While(Not all tasks have been processed)
To build a solution with the free assignment-changing mode, the j tasks that share
the h operators during the steps (∗ ) receive the same processing amount from the
said operators;
Each shared interval is divided into j sub-intervals;
Each of the j tasks is scheduled in h sub-intervals, each time with a different
operator;

Fig. 1. Algorithm for solving Fm |res 2kh 1, S, vh |Cmax .
5

The task at the j th position on the ith machine in the given ordering S.
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4.3 The one-operator case
Theorem 3. The problem Fm |res 111, S|Cmax is solvable in polynomial time.
Proof. We use the same proof technique as we previously did. We use for the
reduction the 1|prec, prmp|Cmax problem which is solvable in polynomial time.
Indeed,
1|prec, prmp|Cmax ∝ 1|prec, prmp, rj |Lmax
and 1|prec, prmp, rj |Lmax is solvable in O(n2 ) [1].

As we previously mentioned, the OWMM (One Worker Multiple Machine)
concept is very popular, especially in just-in-time production systems and is
often encountered in practice.
m 
n

pij is
In the case of one operator, the sum of all the processing times
i=1 j=1

an obvious lower bound. We notice that every non delay 6 has a makespan equal
to this lower bound. Its optimality is hence established. Such a solution can be
computed in O(mn).
An optimal scheduling policy could be to process without interruption all
the tasks of the first machine, then those of the second machine and so on until
machine m.

5 Conclusion and future works
In the current economical environment, which is strongly competitive, it becomes
important for the good functioning of companies to have an efficient management of their resources with adequate decision-making systems. In this context,
and knowing that classical scheduling models that do not consider operators
are of little help in the real world applications [16], it is necessary to develop
models that are more realistic, particularly by taking into consideration human
resources, so as to reach a higher level of efficiency in resource-management and
at the same time reduce the gap between academical research and its real-world
applications.
In this paper, we have studied the assignment of a number of operators that
is less than the number of machines in a flow-shop environment with a given
ordering of tasks and a free assignment-changing mode in order to minimize the
makespan. We studied the complexity of our problem in the case of operators
who possess different performance levels. This problem is NP-hard in the strong
sense, except for the cases with one and two operators for which we provided
a polynomial-time solution method. Thus, it would be interesting to develop
heuristic methods for solving cases with k(k ≥ 3) operators and also to test the
provided algorithms on instances driven from real-world situations. It would also
be of interest to consider other objectives that are important in practice such as
the mean flow time and the maximum lateness.
6

A solution in which no machine is left idle when there are both an available operator
and an available task.
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